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Abstract 

In connection with the classical Schwartz kernel theorem, we show that in the framework 
of Colombeau generalized functions a large class of linear mappings admit integral kernels. 
To do this, we need to introduce news spaces of generalized functions with slow growth and 
the corresponding adapted linear mappings. Finally, we show that in some sense Schwartz' 
result is contained in our main theorem. 



Contents 

1 Introduction! 

2 Colombeau type algebras! 



2.1 The sheaf of Colombeau simplified algebra si 3 



2.2 Generalized functions with compact supports! 4 

2.3 Embeddingsl 5 



2.4 Generalized Integral operators! 6 



3 Spaces of generalized functions with slow growth! 6 

3.1 Definitions! 6 



3.2 Fundamental lcmnial 7 



4 


Schwartz tvpe theorem 


9 




4.1 Extension of linear maps] 


9 




4.2 Main theorem! 


10 




4.3 Link with the classical Schwartz theorem: Eaualitv in 


generalized distribution sense! 


5 


Proofs of theorem 1211 and propositions 1231 and l24j 


11 




5.1 Proof of theorem \2 11 


11 



5.2 Proof of proposition 23 14 

5.3 Proof of proposition |23 15 



Mathematics Subject Classification (2000): 45P05, 46F05, 46F30, 47G10 
Keywords: Schwartz kernel theorem, generalized functions, integral operator, distributions. 



1 



1 Introduction 



It is well known that the framework of Schwartz distributions is not suitable for setting and 
solving many differential or integral problems with singular coefficients or data. A natural 
approach to overcome this difficulty consists in replacing the given problem by a one-parameter 
family of smooth problems. This is done in most theories of generalized functions and, for 
example, in Colombeau simplified theory which we are going to use in the sequel. (For details, 
see the monographies [2], and the references therein.) 

In this paper, we continue the investigations in the field of generalized integral operators 
initiated by the pioneering work of D. Scarpalezos |16j . and carried on by J.-F. Colombeau 
(personal communications and pQ) in view of applications to physics and by C. Garetto et alii 
(jUj) with applications to pseudo differential operators theory and questions of regularity. 

More precisely, the following results holds: Every H belonging to Q (R m x R n ) defines a 
linear operator from Gc (R n ) to Q (R m ) by the formula 

H : Gc (R n ) -> G (R m ) , / » H(f) with H(f){x) = 

where (H £ ) £ (resp. (/ e ) e ) is any representative of H (resp. f) and [ • ] is the class of an element 
in Q (R d ) . (Q (R d ) denotes the usual quotient space of Colombeau simplified generalized func- 
tions, while Gc (R d ) is the subspace of elements of Q (R d ) compactly supported: See sectional 
for the mathematical framework.) 

Conversely, in the distributional case, the well known Schwartz kernel theorem asserts that 
each linear map A from T> (R n ) to T>' (R m ) continuous for the strong topology of T>' can be 
represented by a kernel K € V (M m x R n ) that is 

V/GP(M"), V^D(l m ), (A(f),<p) = (K, ( p®f). 

Let us recall here that V (R n ) is embedded in Gc {R n ) and V (R m ) in Q (R m ): In the spirit 
of Schwartz theorem, we prove that in the framework of Colombeau generalized functions any 
net of linear maps {L e : T> (K n ) — ► C°° (M m )) £ satisfying some growth property with respect to 
the parameter e (the strongly moderate nets) gives rise to a linear map L : Qc (M™) — > Q (W 71 ) 
which can be represented as an integral operator. This means that there exists a generalized 
function H L e G (M m x R n ) such that 

L(J) = j H L (;y)f(y)dy 

for any / belonging to a convenient subspace of Gc (R n )- 

Moreover, this result is strongly related to Schwartz Kernel theorem in the following sense. 
We can associate to each linear operator A : T> (R n ) — > D' (M. m ) satisfying the hypothesis 
above mentioned a strongly moderate map La and consequently a kernel Hl a £ G (R m x R n ) 
with the following equality property: For all / in T> (M n ), A (/) and Hl a (/) are equal in the 
generalized distribution sense ^3] that is, for all k € N and (i?i Ae ) £ representative of Hl a , 

Vc/? G T> (R m ) , (A (/) , $) - / (JH La e (x, y) f (y) dy) <p (x) dx = O , for e -» 0. 

The paper can be divided in two parts. The first part, formed by section El and section |3 
introduces all the material which is needed in the sequel. We mention here in particular the 
notion of spaces of generalized functions with slow growth, which are subspaces of the usual 
space G (R d ) with additional limited growth property with respect to the parameter e. Lemma 
IT?t1 shows one feature of those spaces (used for the proof of the main results) : Convolution 
admits on them as unit some special 5-nets, whereas with result is false in G (R d ) ■ The second 
part, formed by the two last sections, is devoted to the definition of strongly moderate nets, 
the statement of the main results and their proofs. 



J H £ (x,y)f £ (y) dy 
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2 Colombeau type algebras 

2.1 The sheaf of Colombeau simplified algebras 

Let C°° be the sheaf of complex valued smooth functions on R (d £ N) with the usual 
topology of uniform convergence. For every open set Q of M d , this topology can be described 
by the family of semi norms 

PK,lU)= SU P \d a f(x)\ 
\a\<l,KmQ 

where the notation K <s Q means that the set K is a compact set included in O. 
Let us set 

T (C°° (ft)) = { (f £ ) e G C°° (tt) (0 ' 1] | V/ G N, VK m n, 3q G N, p K>l (f e ) = O for e -» } , 

AA(C°° (0)) = {(/ e ) £ G C°° (O) (0 ' 1] | VZ G N, Vtf €= fi, Vp G N, p K ,i (/ e ) = O (e p ) for e -> o} . 

Lemma 1 Jiflf cm<i jii^ 

«. TTie functor T : — > J 7 (C°° (fi)) defines a sheaf of subalgebras of the sheaf (C 00 )*- ' 1 ^ 
u. T/ie functor J\f : $7 — > (C°° (0)) defines a sheaf of ideals of the sheaf T . 

We shall note prove in detail this lemma but quote the two mains arguments: 

i. For each open subset O of X, the family of seminorms (pk,i) related to 0, is compatible with 
the algebraic structure of £ (Q) ; In particular: 

V/ G N, VK id, 3C G R* + , V (/, 5 ) G (C°° (ft)) 2 p^i < Cp K>l (/) p^ ( 5 ) , 

ii. For two open subsets fl\ C ^2 of M. d , the family of seminorms (pk,i) related to fl\ is included 
in the family of seminorms related to SI2 and 

V/ G N, \/K <e Hi, V/ G c°° (n 2 ) , p K , t (f ]Ul ) = p^ (/) . 

Definition 2 77ie sheaf of factor algebras 

Q = F (C°° (■)) /Af (C°° (■)) 

is called the sheaf of Colombeau type algebras. 

The sheaf Q turns to be a sheaf of differential algebras and a sheaf of modulus on the factor 
ring C = F (C) /AT (C) with 

F(K) = |(r e ) e G K^ ' 1 ! I 3q G N, |r £ | = O (e~ q ) for e -> o} , 
M(K) = |(r e ) e GK (0 ' 1] |VpGN, |r e | = O {e p ) forego}, 

with K = C or K = 1, K+. 

Notation 3 /n £/te sequel we shall note, as usual, Q (O) instead of Q (C°° (0)) £/je algebra of 
generalized functions on fl. For (f £ ) £ £ ^"(C 00 (O)), [(/ £ ) £ ] will be its class in Q (O). 
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2.2 Generalized functions with compact supports 

Let us mention here some remarks about generalized functions with compact supports, which 
will be useful in the sequel. 

As Q is a sheaf, the notion of support of a section / G Q (17) make sense. The following 
definition will be sufficient for this paper. 

Definition 4 The support of a generalized function f G Q (17) is the complement in 17 of the 
largest open subset o/17 where f is null. 

Notation 5 We denote by Qc (17) the subset of Q (17) of elements with compact supports. 

Lemma 6 Every f G Qc has a representative (/ e ) e , such that each f £ has the same compact 
support. 

There is an other way to introduce generalized functions with compact support more natural 
in the sequel. We start from the algebra T> (17) considered as the inductive limit of 

V 3 (17) = V Kj (17) = {feV(Q)\ supp / C Kj } 

where: 

i. [Kj)- en is an increasing sequence of relatively compact subsets exhausting 17, with Kj C 

o 

Kj+i; 

ii. Dj (17) is endowed with the family of semi norms 

Pj ,i(f)= ^p \d a f{x)\. 

\a\<l,x&Kj 

The topology on V ($7) does not depend on the particular choice of the sequence {Kj)- eW 
Construction of spaces of generalized functions based on projective or inductive limits have 
already been considered (see e.g. [3], ^U). We just recall it briefly here. Let fix {Kj)- eli a 
sequence of compact sets satisfying i. and set 

J-(P(0)) = U i6N ^-(fi) (1) 
with Tj (SI) = { (f £ ) £ £ Vj (17) (0 ' 1] | V/ G N, 3q e N, Pj>l (f £ ) = O (e" 9 ) for e - } 

M(V(Q))=u neN M n (Q) , 
with A/j (17) = |(/ £ ) £ G Vj (17) (0 ' 1] | V/ G N, Vp G N, Pjjl (f £ ) = O (e p ) for e -» } . 

With those definitions, we have: 

Lemma 7 F (V (tt)) is a subalgebra o/P(17) (0,11 and N (V (17)) an ideal of F(T>(Q)). 

The factor space Qx> (17) = T (T> (17)) /J\f (V (17)) appears to be a natural space of general- 
ized functions with compact supports. The algebra Qx> (17) does not depend on the particular 
choice of the sequence {Kj).^ Moreover, due to the properties of the family ( P jj) we have: 

Lemma 8 The spaces Qjy (17) and Qc (17) are isomorphic. 
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Proof. The fundamental property involved is the following: for all j G N and all (f e ) e G 
Tj (O) we have 

VZGN, V/ <j, Vf>j, PfAfe)<P J Afe)=Pf',l(fe)- (2) 

The last equality is true since supp/ C Kj C Kj/i, for all j" > j. 

Relation © implies that T (V (U)) C F (C°° (£)) and Af (D(Q)) C M (C°° ($). Let us 
show the first inclusion. Consider {f e ) e in some Tj (f2). Then, for all I G N, there exists (/ G N 
such that: Vj G N, p. (/ e ) = O (e~«) for e -» 0. It follows that ViT <s ft, p K>J (/ e ) = O (e" 9 ) 
since the sequence (JCj) exhausts K. 

Those two inclusions implies that the map 

v. &>(n)-0(n), (f £ ) £ + M(v(n)) » (f e ) £ +M(c°°(i)) 

is well defined with i (Qx> (ft)) C Qc (ft)- 

It remains to show that the map i is bijective. Indeed, if (f £ ) £ G AA(C°° (^)) with (f e ) £ G 
Tj (ft), we have (f e ) £ £ Aj (ft) and (f e ) £ G A/"(P(ft)). Injectivity follows. Conversely, take 
g G Qc (ft)- According to lemma El there exists a compact K and a representative (<7 £ ) e of g 
such that supp g e C K, for all e. We observe that K is included in some Kj and then that 
{g e ) £ G Tj (SI), finally, t ({g e ) £ +N{V (ft))) = g. m 

2.3 Embeddings 

The space C°° (d G N) is embedded in Q (IR^) by the canonical map 

a : C°° (V) -> £ (V) / -> (/ e ) £ + M (C°° (V) ) , with f £ = f for all E G (0, 1] 

which is an injective homomorphism of algebras. 

Moreover, the construction of Q (M rf ) permits to embed the space T>' (M d ) by means of 
convolution with suitable mollifiers. We follow in this paper the ideas of |15j . 

Lemma 9 There exists a net of mollifiers (0 £ ) £ G T> (lR d )^ '^ for all e, such that for all k G N 

j 6 e (x) dx = 1 + (e k ^j fore 0, (3) 

Vm G N d \ {0} , y x m fl e (x) dx = O ) /or e -»■ 0. (4) 

Such a net is built in the following way: Consider p G S (M d ) such that f p(x) dx = 1, 
/ x m p (x) dx = for all m G N d \ {0} and k G V (R d ) such that 0</c<l, « = lon [-1, l] d 
and k = on M d \ [-2, 2] d . Then (6> £ ) E defined by 

VeG(0,l], Vx G M. d , 9 e (x) = -pp{^) K(x|lne|) 
satisfies conditions of lemma El 

Proposition 10 With notations of lemma\Q the map 

i : V (V) -» ^ (V) T (T * 6 e ) £ + M (c°° (wA ) 
is an injective homomorphism of vector spaces. Moreover i\c°°(n) = °~ ■ 
This proposition asserts that the following diagram is commutative: 

C°° (R d ) — > V' (R d ) 
\cr | i 

g(R d ) 
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2.4 Generalized Integral operators 

We collect here results about generalized integral operators. We refer the reader to pQ and [0] 
for details. 

Definition 11 Let H be in Q(M m x M n ).The integral operator of Kernel H is the map H 
defined by 



H : Q c (M n ) - Q (M m ) :/<-#(/) with H (/) 



where (H £ ) £ is any representative of H. 



.»/*(x,»)/M* 



Note that in the above mentioned references, the generalized function H satisfies some 
additive condition such as being properly supported. This assumption is not needed in this 
paper, since we consider operators on Qc (K n ): the integral which appears in definition 1111 is 
performed on a compact set. 

Proposition 12 With the notations of definition ^, 1\ the operator H defines a linear mapping 
from Qc (M n ) to Q (W 71 ) continuous for the respective sharp topologies of Qc (M n ) and Q iW 71 ). 
Moreover the map 

Q(R m xR n ) ^ C{Q c (R n ),Q(R m )) H^H 

is infective. 

In other words, the map H is characterized by the kernel H 

H = in C {Qc (M n ) , Q (M m )) ^ H = in Q(R m x M n ). 

3 Spaces of generalized functions with slow growth 

In the sequel, we need to consider some subspaces of Q (O) with restrictive conditions of growth 
with respect to 1 je when the I index of the families of seminorms is involved, that is the index 
related to derivatives. We show that these spaces give a good framework for extension of linear 
maps and for convolution of generalized functions. These are essential properties for our result. 

3.1 Definitions 

Set 

Fc (C°° (O)) = j(/ £ ) £ G Vtf m n, 3q G N N , with lim (q(l)/l) = 



VZ 



G N, p K> l Us) = O (V 9W ) for e -> o} . 



t Ci (c°° (n)) = U/ e ) e €^(n) 



\(0,1] 



VK 3g G N , with limsup(g(Z)/Z) < 1 



G N, (/,) = O (e-«W) for e -> o} . 



Lemma 13 

i. ^"/; (C°° (0)) is a subalgebra of T (C°° (O)). 

ii. (C°° (O)) is a submodulus of F {C°° (Q)) 
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Proof. Take {f £ ) £ and (g £ ) £ in T Co (C°° (0)) (resp. ^ (C°° (0))), K ^ Q, q f and g 9 the 
corresponding sequences with lini;^ +00 (g/j(Z)/Z) = (resp. r/j = limsup^ +00 (qh{l)/l) < 1) for 
h = f, g. Define 

g (•) = max (gj (•) , g 9 (•)) r = max (r/, r 9 ) < 1, for the resp. case. 

For h = f, g we have p/^/ (/i e ) = O (e~ q ^) for e — >■ and px,i (fe + 9s) = O (e^ 9 *^) for e — » 0. 

For(c e ) e e ^ (M), there exists q c such that |c £ | = 0(e^ c ). Then p^ (c £ / £ ) = O ( e -(*=+«(0)) 
with lim^ +00 ((g c + g(0) //) = (resp. limsup^ +00 ((g c + g(Z)) //) < 1). Thus T Co (C°° (O)) 
(resp. (C°° (0))) are submodulus of ^(C°° (0)). 

For (/ £ ) £ and (# £ )J in Tc (C°° (0)), there exists C > such that 

Pxy (/sflfe) < Cp^ ; (/ E ) p K j (g £ ) . 

Consequently, p Kjl [f e g e ) = O (e~ 2 ^) for e -> 0, with lim^ +00 (2g(Z)/Z) = 0. Thus ^ (C°° (fi)) 
is a subalgebra of J* 7 (C°° (O)). ■ 

Consequently, we can consider the following subalgebra (resp. submodulus) 

Qc (fi) = ^Co ( C °° («)) /Af (C°° (fi)) (resp. <? £l (Q) = T Cl (C°° (0)) /M (C°° (Q) ) 

of 0(0). 

Remark 14 Some spaces with more restrictive conditions have already been considered (See 
e.g. JXf, JEH). Set 

(C°° (fi)) = {(/ £ ) £ G .F(O) (0 ' 1] \VK id, 3g G N, V/ G N, p K> , (/ £ ) = O (e"*) for e -> o} . 

J 700 (C°° (fi)) turns to be a subalgebra of F Cq (C°° (0)), (C°° (O)) and 

0°° (0) = (C°° (0)) /AA (C°° (O)) 

a subalgebra of Qc(£l), Qc 1 (fi) and Q(Q). For the local analysis or microlocal analysis of 
generalized functions, the Q°° regularity plays the role of the C°° ' one for distributions \15\/ 
)l<fj . Our spaces Qc (0) and Qc%C (O) give new types of regularity for generalized functions. 
This will be studied in a forthcoming paper. 

Notation 15 We shall note Q*q (O) (resp. Gc 0> c{®)> Gci,C {&)) the subspace of compactly 
supported elements of Q°° (f2) (resp. Qc Q iP), Qd iP))- 

3.2 Fundamental lemma 

Lemma 16 Let d be an integer and (9 e ) £ G T> (M^)^ ' 1 ^ a net of mollifiers satisfying conditions 
0) and 0). For any (g e ) £ G F £l (C°° (M. d )) we have 

(g e *0 E -g E ) e eM(c°°(R d )). (5) 

Proof. We shall prove this lemma in the case d = 1, the general case only differs by more 
complicate algebraic expressions. 

Fix (g £ ) £ G F c (C°° (R d )), K a compact of M and set A £ = g £ *6 £ -g £ for e G (0, 1]. Writing 
/ 6 e (x) dx = 1 + A4 with (A4) £ G (R) we get 

A £ (y) = / 5e(y - x)6> e (x)dx - g £ (y) = / (g e (y - x) - g £ (y)) 6 £ {x)dx + N £ g £ {y). 
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The integration is performed on the compact set supp# £ = [—2/ |lne| , 2/ |lne|]. 
Let m be an integer. For each i G N, there exists an integer q{i) such that 



sup 



# (0 



O e- q{i) ) fore^O 



with limsupj^ +00 (q (i) ji) < 1 and K' is a compact such that [y — 1, y + 1] C K' for all y £ K. 

As limsupj^ +00 (q (i) /i) < 1, we get lmij^+oo (i — = +oo, and there exists an integer 
k such that k — l(k) > m. Taylor's formula gives 



9e{y - x) - 9e (y) = g ^> (y) + [ 



gj® (y-ux)(l- u)"- 1 du 



k-l 



and 



i=i 



+ 



2/\lne\ ( k ~ !) ! JO 



{y-ux)(l-u) k 1 dit6> E (x)dx + N £ gf ] {y). 



Re(k,y) 



According to lemmalHl we have (J* x l 9 £ (x) dx) G AA(M) and consequently 



Vi G {0,... ,fc - 1} 



5 (x) dx = O (e m+9 «) 



for e — > 0. 



We get 

P £ (k,y) = 0(e m ) fore^O. 
Using the definition of 6 e , we have 



R £ (k,y) = - 



1 /-2/llnel ( _ x) 



fc-1 / /•! 



2/|ln E | (fc- I)' \Jo 



gf) (y — ux) (1 — u) k 1 du) p ^— j x (x |lne|) dx. 



Setting v = x/e we get 



fc-1 / -2/(£|lne|) 



(fc - 1)! y_2/(E[Ine|) 



fe-l 



(y — euv) (1 — u) K 1 du) p (v) x (e |ln e| i>) du . 



>fc-l 



For (it, i>) £ [0,1] x [— 2/ (e |lne|) ,2/ (e |lne|)], we have y — euv G [y — l,y + l] for e small 
enough. Then, for y G K , y — euv lies in a compact if' for (u, v) in the domain of integration. 
It follows 



-fc-1 



\Re(k,y)\ < 



71 — TTT SU P 



# (0 



-fc-i 



< 



sup 



fe-l 



2/(e|lne|) 
-2/( £ |ln £ |) 



v\ k 1 di>, 



\v\ k 1 \p(v)\dv, 



< C sup # (0 e*" 1 (C > 0) 
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The constant C depends only on the integer k and p. By assumption on k, we get 

sup \R E (k,y)\ = 0{e m ) for e -> 0. 

Summering all results, we get sup yg ^ A e (y) = O (e m ) for e — > 0. 

As (A £ ) £ G _F(C°° and sup yeK A £ (y) = O (e m ) for e -» 0, for all m > and 

K <s R, we can conclude that (A £ ) £ G AT (C°° without estimating the derivatives by 

using theorem 1.2.3. of 7 . ■ 

Remark 17 Let us fix a net of mollifiers (0 £ ) e satisfying conditions fjfi) and to embed 
T>' (R d ) in Q (R d ) . Relation J3Jj shows that [{0 £ ) ] is plays the role of identity for convolution 
in Geo (M- d ) an d Gci (R d ) , whereas this is not true for Q (R d ) . This is an essential feature of 
these new spaces. (See also examvleW^ below.) 

4 Schwartz type theorem 
4.1 Extension of linear maps 

Nets of maps (L E ) e between two topological algebras having some good growth properties with 
respect to the parameter e can be canonically extended to the respective Colombeau spaces 
based on algebras as it is shown in jS], [1], [7] for examples. We are going to introduce here 
some new notions. 

We uses the notations of 12. 2| specially 

Vj (M") = {/ G V (R n ) | supp fcKj}, 

where (Kj) J( - N is a sequence of compacts exhausting W 1 , and T>j (M. n ) is endowed with the 
family of semi norms p J>t (/) = sup^^ X&K] \d a f (x) \ . 

Definition 18 Let J be an integer and (L £ ) £ G C (Dj (R n ) , C°° (M m )) (0 ' 1] be a net of linear 
maps. 

i. We say that (L e ) £ is moderate if 

VK <s R m , V/ G N, 3 (C £ ) £ G T(R+) , 31' G N, 

V/ G Vj (R n ) p Kyl (L £ (/)) < C ePJt i, (/) (for e small enough). 

ii. We say that (L £ ) £ is strongly moderate if 

VK m R m , 3X G N N with X(l) = 0(1) for I -> +oo, 3r G N N with limsup (r(l)/l) < 1, 

VZ G N, 3C G R+, Vf G Vj (R n ) , p Kyl (L £ (/)) < Ce~ r ^p, m) (/) (for e small enough). 

In the strong moderation, the growth oipx,i [L £ (/)) with respect to the index I is controlled 
by the sequence A (•) which grows at most like I. and by the sequence r(l). 

As our main result is based on linear maps from T> (R n ) to C°° (R m ) we need one further 
extension: 

Definition 19 A net of maps (L £ ) £ G (c [V (R n ) , C°° (R m ))( 0,1 A is moderate (resp. strongly 

moderate; if for every J G N, the restriction (L £lT>j{wl) ) G C (T>j (R n ) , C°° (M m )) (0,1] is mod- 
erate (resp. strongly moderate) in the sense of definitionllHl 
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Proposition 20 Any moderate net (L E ) G [C (V (R n ) , C°° (M m )) (0 ' 1] j, in the sense of defini- 
tion\H^ admits a canonical extension L G £ [Qc (W 1 ) , Q (IR m )) defined by 

L([(f £ )]) = L £ (f £ )+N(C™(R m ))- (6) 
Moreover, if the net (L £ ) is strongly moderate, L(Qc .c (K n )) is included in Qci (K m ) 

Proof. Fix i-C <g M m , Z G N and let {f £ ) £ be in J^p (M n ). There exists J G N such that 
(/ e ) e G Tj (R n ) and according to the definition of moderate nets, we get (C £ ) £ G J 7 (M.+) and 
1'eN such that 

(£ e (/e)) < CePj.r (/e) , for e small enough. (7) 

Inequality leads to (L £ {f £ )) £ G ^(C°° (R m )). Moreover, if (f £ ) £ belongs to M v (M n ) the 
same inequality implies that (L £ (f £ )) £ G AA(C°° (M m )). Those two properties shows that L is 
well defined by formula ©. 

Now, suppose that (L £ ) £ is strongly moderate and consider (f £ ) £ G Jx (C°° (M n ))njFj (IR n ). 
Fix (s IR m . There exists a sequence A G N N , with X(l) = 0(1) for Z — ► +oo, and a sequence 
r G N N with limsup^ +00 (r (/)//) < 1 such that 

VZ G N, 3C G R+, p K ,i (L £ (/ e )) < Ce- r «p JiA{0 (/ e ) (for e small enough). 

As (f £ ) £ is in Tc (C°° (M n )), there exists a sequence g G N N , with liniA^+oo (?(A)/A) = such 
that 

VA G N, p JiA (/ £ ) = O (W A )) for e -» 0. 

We get that 

VZgN, PK,i{L e {fe)) = 0(V 9l «) fore^O, with <& (Z) = r{l) + q (A(0) • 

If A(Z) is bounded, we get immediately that q\ (I) jl = o (1) for Z — ► +oo. If A(Z) is not bounded, 
we write for Z such that A(Z) ^ 0. 

gl (Q r(Z) g(A(Z)) A(Z) 
Z Z A(Z) Z 

Since A(Z)/Z is bounded and g (Z) /Z = o(l), we get that ^fp^p- = o(l) for Z — > +oo. This 
gives that limsup^^.^ (q\(l)/l) < 1 and (L £ (f £ )) £ G Tc x (C°° (0)) and shows last assertion. 
■ 

4.2 Main theorem 

Theorem 21 Lei (L £ ) £ G £ (P(IR n ), C 00 ^" 1 ))^ ' 1 ^ be a net of strongly moderate continuous 
linear maps and L G C (Qc(R- n ), £/0R m ))( 0,1 ^ its canonical extension. There exists Hl G 
g (R m x M n ) such that 

V/6^,cr)), L(f)(x) = j H L (x,y)f(y)dy. 

In other words, L restricted to Gc ,c (^)) can be represented by a kernel Hl- The fact 
that the equality is only valid in Gc ,c (K n )) is not surprising. The structure of the theorem is 
similar as Schwartz'one: / belongs to a "smaller" type of space as Hl and L(f), which both 
belongs to the same kind of space. 
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Example 22 Remark \17\ and relation J^J) shows also that the identity map of Gco,C (R n )) 
admits as kernel 

<f> = cl(((x,y)^<p e (x-y)) £ ) (8) 
where (Ve) e6 (o 1] *s an 2/ ne ^ of mollifiers satisfying conditions and of lemma\Q 

This example shows also that, in general, we don't have uniqueness in theorem 1211 but a 
so called weak uniqueness. In our example, any net ((f £ ) £ of mollifiers satisfies ip e — > (5 in P' 
for e — ► 0: Thus, kernels of the form (jHJ) are associated in Q (R m x R n ) or weakly equal i.e. the 
difference of their representative tends to in V for e — > 0. (See 0], [7j, |15j for further 
analysis of different associations in Colombeau type spaces.) 

4.3 Link with the classical Schwartz theorem: Equality in generalized dis- 
tribution sense 

Let A G C (T> (R n ) ,T>' (IR m )) be continuous for the strong topology and consider the family of 
linear mappings (L £ ) £l - defined by 

L e : V {R n ) -> C°° (R m ) f » A (/) * ^ 

where (<p £ ) e is a family of mollifiers satisfying conditions © and (J3J) of lemma^J We have: 

Proposition 23 

i. For all e E (0, 1], L £ is continuous for the usual topologies ofT> (R n ) and C°° (M m ). 

ii. The net {L e ) £ is strongly moderate. 

Consequently, theorem 1211 shows that the canonical extension L of the net (L e ) admits a 
kernel Hl- 

Proposition 24 For all f G D(R n ), A (/) is equal to Hl (/) in the generalized distribution 
sense, that is 

Vf£D (M m ) , (A (/) , <&) = (5i (/) , ^n C. 

This generalized distribution equality, introduced in JH]) means in other words that, for 
all ken, 

V$ G P (M m ) , (A (/),#)- y #l, £ (x, y) / (y) dy) $ (s) dx = O (e fc ) , for e - 0, (9) 

where (Hl :£ ) £ is any representative of Hl- 

In particular, this result implies that A (/) and Hl (/) are associated or weakly equal, id 

est 

L ^ J H L ,s (x, y) f (y) dy\ — A (/) in V for e - 0. 

5 Proofs of theorem [21] and propositions 1231 and 1241 

5.1 Proof of theorem 1211 

Let us fix (ip £ ) £ G (V(R m )) {0 > 1] (resp. {ip £ ) £ G {V {R m )) m ) a net of mollifiers satisfying 
conditions |3] and 0] of lemma |SJ For all y G 1" we define 

i/) e „ :R n ^V (R n ) y » ^ y = {v » ^ £ (y - v)} . 

For all y G R n and e G (0, 1], we set * e>2/ = L £ {^ £ , y )- 
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Lemma 25 The map 

e : R n -> C°° (M m ) y ^ Vf^ = L e 

is 0/ dass C°° for all e G (0, 1] . 

Proof. The map (y,v) ^ tp £ (y — v) from M 2n to M is clearly of class C°°. It follows that 
the map ip e . : y 1— ► ^> ej /, considered as a map from M n to C°°(IR' 1 ), is C°° (see for example 
theorem 2.2.2 of [7]). As each ip £>y is compactly supported we can show that tp E) . belongs in 
fact to C°° (IR n ,2? (M n )) by using local arguments. Since L £ is linear and continuous it follows 
that * £ is C°°. ■ 

Let us define, for all e G (0, 1] and (x, y) G R m x M n : 

H e (x, y) = (* £ ,y * ¥? e ) (x) = j L £ (ifj Et y) (x - A) (p £ (A) dA. 

Note that, for all e G (0, 1], this integral is performed on the compact set supp</? £ . 
Lemma 26 For all e G (0, 1], H e is of class C°° and (H e ) £ G T {R m x W n ). 

Proof. First, the map g 1— > g*(f e from C oc '(]R m ) into itself is linear continuous and therefore 
C°°. Using lemma l25| we get that the map y h-> (* e>2/ * <^ e ) = # e (-,y) from M n to C°°(IR m ) is 
C°°. Using again theorem 2.2.2 of 0, we get that H e belongs to C°°(R 2n ). 

Consider K and K' two compact subsets of R n . Let us recall that the support of ip e is 
compact and decreasing to {0} when e tends to 0. Then, there exists a compact set C M m 
such that, for all e G (0, 1], supple C and supple,?/ C y — Kip. Moreover, we can find a 
compact Kj (notation are those of 14.1(1 such that 

VeG(0,l], Vy£K', ip £tV G T>j (M n ) . 

and p,ii(ip £ ,y) = PK^,l(^e), for all e G (0, 1]. 

Let now consider (a,/3) G (N™) 2 and d a (resp. d@) the a-partial derivative (resp. /3-partial 
derivative) with respect to the variable x (resp. y). Noticing that there exists a compact set 
K v C M m such that, for all e G (0,1], supp^ £j2/ C iT^, we get the existence of a constant C 
such that, for all e G (0, 1], 

V(x,y)eKxK', \H £ (x,y)\ <C sup 8^L e (A,y) (0 sup |9> £ , 



i&K-Kip 



< 



CPK-K V ,\(3\ {L e {i>e,y))PK<p,\a\ 



The moderateness of (X/ e ) e implies the existence of / G N and (C £ ) £ G ^"(1R+) such that, for all 
£G (0,1], 

V(x,y) G K X if', |il £ (x,y)\ < C £ pjj (lp e ,y) PK<p,\a\ (<Pe) < C' e p K ^,l(lpe)PK<p,\a\ {<Pe) ■ 

The last inequality shows that (pKxK'\a\+\f3\{H £ )) £ belongs to this ending the proof. ■ 

For all (/ £ ) £ in T (T> (M n )) (this set is defined by relation (|T|)) we can consider 

H £ (fe)(x) = J H £ (x,y)fe(y)dy = I (J L £ (A,y)(x-X)^e (A) dX^j f e {y) dy. 
since for all e G (0, 1], f £ is compactly supported. 
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Lemma 27 For all (f £ ) £ in T (V (M n )), we have 

H £ (f £ )(x) = (L £ U> e *f e )*<p e )(x). 
Proof. Let (f £ ) e be in Tip (R n )). For all e G (0, 1] and x E M m , we have 

H £ (f £ ) (x)= j (f L £ ty e>y ) (x - A) V9 £ (A) dA^j f £ (y) dy, 

J supp / \J supp ip e / 

L £ {ip £ ,y) (x - A) ip £ (A) f £ (y) dXdy, 



suppi/p £ J supp/ 



j ' (J L £ (^ y ) (x - A) f £ (y) dy) ^ (A) dA, 



the two last equalities being true by Fubini's theorem, each integral being calculated on a 
compact set. 

For all e £ (0, 1] and £ € M m , we have the following equality: 

L £ {^y) (0 f £ (y) dy = L £ (v^ J ^ £W (v) f e (y)dy\ (£) , 

= L £ I v i-> / ip £ (y-v) f £ (y)dy I (£) . 



Indeed, the integrals under consideration in the above equalities are integrals of continuous 
functions on compact sets and can be considered as limits of Riemann sums in the spirit of [S] 
(Lemma 4.1.3, p. 89): 

V£ e R m , f L £ ty B)V ) (0 f £ (y) dy = lim £ h n L £ {kh - v)) (0 f e (kh), 

WeR n , U e (y- v) fe(y)dy = lim T h n A (kh - v) f £ kh). 

I 1 — * 

As the mapping L £ is linear, we have 

L £ \^^ e {kh-v)f e {kh)\ =J2fe(kh)L e (ip e (kh-v)), 
as each f £ (kh) is a scalar: The function i/j £ ^ y is on the v variable, belonging to M n . By continuity 

;et 

L £ (V - v) f £ (y)dy^j (£) = L £ Um^h^ (kh - v) f £ (kh)\ (£) , 



of L £ , we get 



|™ [^UkhjLe (4>e (kh-v))(0 



L £ (A,y)(Z)fe(y)dy. 



Finally, we get for all g G (0, 1] and ?el m , 



L e * / £ ) (0 , 
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and 

H £ (fe) (X) = / L £ * f £ ) (x - A) <p £ (A) dA = (L £ (^ £ * f £ ) * <p e ) (x). (10) 



We are now complete the proof of theorem 1211 Set 

H L = (H £ ) £ + M(C°° (R m+n )) = ((a,!/) -> (* e ,„ * ^) (x) ) £ + AA (C°° (M m +")) . 
For all (f £ ) £ in T £o (V (R n )) we have 

H L ([(f £ ) £ ])=\(H £ (f £ ) 



by definition of the integral in Q (R n ). We have to compare yH £ (f £ )j and (L £ (f £ )) £ . According 
to lemma 123 we have for all e G (0, 1], 

H £ (f £ ) - L £ (f £ ) = (L £ ty e * f £ ) * tp £ ) - L £ (f £ ) , 

= L £ (ip £ * f £ ) *(p £ - L £ (f £ ) *ip £ + L £ (f £ ) * tp s - L £ (f £ ) , 

= L £ (ll) e * f £ - f £ ) *ip £ +L £ (fe) * cp £ - L £ (f £ ) . 

Remarking that (f £ ) e G T Cq (C°° (fi)) and (L £ (f £ )) £ G T Lx (C°° (O)) we get ( L £ (fe) * <Pe ~ L £ (f £ ) ) £ G 
AA (C°° (R m )) and (ip £ * f £ — f £ ) £ £ M (C°° (M m )) by lemmaQl This last property gives 

(L £ (^ £ *f £ -f £ )) £ eM(C°°(R m )) and ( L £ (ip £ * f £ — f £ ) * (fi £ ) G AA (C°° (R m )) , 
since (r/ £ * ip £ ) £ G AA(C°° (R m )) for all (n £ ) £ G AA(C°° (R m )). Finally 

%(fe)) £ }=[(L £ (f £ )) E }=L([(f £ ) E }), 

this last equality by definition of the extension of a linear map. 
5.2 Proof of proposition 1231 

Assertion i. We have only to prove continuity on 0. Let us fix e G (0, 1]. Take (fk) k G T> (M n ) N 
a sequence converging to in V(R n ). Since A is continuous, the sequence (Tk) k = (A(f k )) k 
tends to in T>' (R m ) for the strong topology. Let us recall that |17j : 

Lemma 28 A sequence (T k ) k tends to in T>' (R m ) for the strong topology if, and only if for 
all 6 G T> (R m ) the sequence (T k * 9) k tends to 0, uniformly on every compact set. 

For all a in N m , we take 9 a = d a (p Applying lemma |2*HI the sequences 

n*d a v .A =(d a (n* 



tends to uniformly on each compact of IR m . Then L E is continuous. 

Assertion ii. According to definitional we have to show that, for all J G N, the net \L £ \t>j ) e G 
(C (Vj (R n ),V (M m ))) (0 ' 1] is strongly moderate. We have 

V/ G Vj 0R") , Vx G R m , Va G N"\ d a (L eVjl (f)) (x) = (a (/) * d a ipj) (x), 

[A(f),{y^d a ^(x-y)}). 
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Consider K a compact subset of M m . As supp^ ^ decrease to {0} for e — > 0, there exists a 
compact K' such that 



Vx G K, Ve G (0, 1] , supp (9 Q (y ^ ^ (x - y)) J C if'. 

The map 

6 : Vj (R n ) x V K , (R m ) , (/, <p) -> (A (/) , p (x - •)> 

is a bilinear map separately continuous since A is continuous. As T>j (W 1 ) and T>k' (K m ) are 
Frechet spaces, is globally continuous. There exists C > 0, l\ G N, li G N such that 

V (/,¥>) GDj(M n ) x%(r), | (A (/),¥>) | < CPj }h (f)P K , ih (<p (x - ■)). 

In particular, for / G N and a G N m with |a| < we have 

| (A (/) , 9V (x -•))!< CPtMPK^ff*^ (x - •)), (11) 

and P K , h {d a tp^{x - •)) < P K >,i 2 +i(d a ip^ (x - •))• 
Let us recall that 

VVy/ei*-') = 9 a {?/^ ( v / e)" m v?((x-y)/v / e)K(|lne| (x-y))}. 

By induction on |a| and using the boundeness of ip, k and their derivatives on M. m , we can 
show that there exists a constant Ci, depending on |a|, 99 and k and their derivatives but not 
on e, such that 

sup d a {y^^{x-y)\ <Cav^)- (m+H+1) . 
It follows that there exists a constant C2 (independent of e) such that 

P^ 2+/ (^(^--))<C 2 (v^)" (m+/2+m) . 

Putting this result in relation pip, we finally get the existence of a constant C3 (independent 
of e) such that 

PkALsv.aU)) = sup |(l (/) ,9V (x -•))!< c 3e - 2 ^ ±1 ^ ±1 p^ 1 (/). 

xdK, \a\<l 

The sequence r(-) = j/ 1— > ™±^-H±lj satisfies lim2_> +00 (r(J)/l) = 1/2 showing our claim.B 

5.3 Proof of proposition 

We first have the following: 



Lemma 29 For all T G V (R m ) 
sense. 



T* 



is equal to T in the generalized distribution 



Proof. Take T G V (M m ) and g G V (M m ), with K = supp g. Set, for e G (0, 1], 

A^j K (T,^ )9( z )ix = j K (T, vMx - ,),(,) dx. 

As supp 99 ^ decrease to {0} for s — ► 0, there exists a relatively compact open subset f2 such 
that 

Vx G AT, Ve G (0, 1] , supp (jj 1— > (x — y)J C f2. 
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There exists / continuous with compact support and a G N m such that X!q = d a f. This 
implies that ( T, ip ^ (x — •) \ = (d a f,ip ^ (x — •) \ and 



T * (x) = (>/ * (x) = d a (/ * ^) (x) . 
By integration by part (g is compactly supported) it follows that 

A^ = j d a (f* <p^) (s) 9 (x) dx = (-l)H J (/ * (x) d a g (x) dx. 

Consider now an integer k and {3 G N m such that /? = /?i + . . . + /3 m with /3j > k, for 
each j G {1, . . . , m}. We consider Fp a function such that d^Fp = f, which exists since / is 
continuous. This function is at least of class C k . We have 

= (-1)1-1 f (d^Ff, * Vvi ) (x) d<*g (x) dx, 

= (.JJM+I/JI J ( F/J * ^ (x) (x) dx> 

= (_1)M+I0I f (i?g) (x) d a+p g (x) dx. 



Then 

(T * - <T )5 ) = j£ ((i^ * ^) ( X ) _ (i^) (a .)) ff*P g ( X ) dx. 

An adaptation (and simplification) of the proof of lemma fTHl shows that 

'Fp * ^) (x) - (Fp) (x) = O (v^") for e - 0. 
As g is compactly supported, this last relation leads to 

V * (p^, g) - (T, g)=0 (v^) for e - 0. 



Since is arbitrary, our claim follows. 



is equal to 



This lemma implies that for all / G £>(M n ), [(L 6 (/))J = [(A(/)*^ 
A (/) in the generalized distribution sense. On the other hand, according to theorem 1211 
[(L e (f)) £ ] = Hl (/) where Hl is the integral operator associated to the canonical extension of 
(L e ) e . This ends the proof. 
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